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Introduction

T HE nonlinear programming approach has proven quite
successful in solving optimal control problems, especially

for highly nonlinear complicated systems. It does not usually
require a very good initial estimate of the solution and offers
great flexibility when the system model changes. Also, consid-
erably less programming efforts are needed when all gradient
information is generated by finite differences. In some prob-
lems, such as trajectory optimization for multistage launch
vehicles where discontinuities in the system are inherent, the
application of the necessary conditions in the function space1

is almost prohibitive. For those problems, the nonlinear pro-
gramming approach has demonstrated great superiority over
other methods.2

On the other hand, the efficiency of the nonlinear pro-
gramming approach is not as good because additional n +1
(n = dimensionality of the problem) integrations of the system
equations are required to compute the gradients in each itera-
tion by finite differences. As a result, the dominant portion of
computational time is spent on the gradient evaluations. There
are situations where it is essential to obtain quickly a trajec-
tory that satisfies all terminal constraints and any other im-
posed constraints when a slight penalty on the performance
index is tolerable. Such a trajectory serves all of the practical
purposes well even if it is just near optimal. In this Note, we
shall explore the possibility of using approximate gradients to
enhance the efficiency of the nonlinear programming ap-
proach. A formula for approximate gradients is derived that is
more accurate than a well known result. The method is tested
on trajectory optimization for an advanced launch system.

Approximate Gradients Generation
Suppose that after proper parameterization, the optimal

control problem has been transformed into the following non-
linear programming problem:

minF(jc)

c(jt)>0

(1)

(2)

(3)

where we assume that F :/?"-/? 6 C3, h:Rn^RmtC3,
c : R"^Rl € C3, jc £Rn. We have observed in many applica-
tions that after a number of iterations, changes in the param-
eter vector jc become small from xk to xk+1. Thus changes in
F(JC), h(x), and cx are small. For the derivations in the sequel,
the equality sign " = " is used in some equations where it
obviously means "«." Let us first consider the changes in
F(JC). In the kth iteration, after the line search is completed,
the next point xk+\ is found. The gradient of F(x) at xk+\ is
to be computed. Instead of using finite differences, we may try
to obtain an estimate of the gradient by first approximating

F(JC) in the neighborhood of
sion:

by the first-order expan-

where g = VF. Let jc =xk, drop the arguments for simplicity,
and rearrange the preceding equation:

l -Fk = (4)

We look for an approximation of the form gk+{
= £A:+I(£A:»AF,AJC). The following formula

gk+i=gk+
(AF-glAx)

** —— - (5)

where Hk+\ is the Hessian at xk+\. The update

_ (AF + Q.5AxTHk+lAx-gkAx)
Sk+\ — Sk +

has the desired form and reduces to Eq. (4) when multiplied by
AxT on both sides. It is known as the Broyden rank-one up-
date3 when g is replaced by the Jacobian. Furthermore, if we
expand F(JC) in the neighborhood of xk+ 1 by the second-order
approximation, we have

(6)

(7)

conforms with Eq. (6). Equation (7), nonetheless, is not read-
ily applicable because the unknown Hk+i is involved. Any
approximations to Hk+\ will require additional computation,
which is against our original intention "in conducting" this
investigation. However, by examining Eq. (7), we see that we
only need the scalar AxTHk+ jAjc, not Hk+ }itself. So for small
AJC, we have the first-order approximation

gk+i ~ Sk =Hk+lAx (8)

Multiplying Eq. (8) by AxT and approximating gk+\-gk by
Eq. (7) lead to

. . . . =AF-£ /A* (9)
Substituting Eq. (9) into Eq. (7) gives rise to

,jc (10)

There is another rather interesting way of deriving Eq. (10).
If we approximate gk+ \ - gk in Eq. (8) by the simple expression
of Eq. (5), instead of the more elaborate formula of Eq. (7),
we have

AxTHk+lAx = &xT(gk+l-gk) = AF -

Substituting Eq. (11) into Eq. (7),

(11)

(12)

We then use Eq. (12) again in Eq. (8) for gk+\-gk. The re-
cursive substitution yields
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(13)

where N indicates the number of substitutions. Obviously,
when /V —oo, the limit of Eq. (13) is exactly Eq. (10).
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Next we shall show that Eq. (10) is indeed a more accurate
approximation to the gradient at jc^+i than the Broyden up-
date (5) if || A*|| is small, although Eqs. (5) and (10) only differ
in the coefficient. Suppose that g* and #*+i are the accurate
gradients at xk and xk+ j , respectively. Consider the expansion
of

(14)AxTHkAx + 0(||Ajc||2)

where 0(|| AJC|| 2) denotes the term of order higher than || AJC|| 2.
The second-order Taylor series for F at xk gives

(15)

(16)

(17)

Notice that gk+1 given by Eq. (10) satisfies Eq. (17) with a = 2
and 0= - 1. So for gk+i obtained from Eq. (10),

* + 0(||Ajc||2)

Combining Eqs. (14) and (15) results in

AxTgt+l = 2AF - &xTgt + 0(|| AJC|| 2)

On the basis of A/7, AJC, gk, and Eq. (16), we look for
an approximation to g *+ 1 , such that

In other words,

\\gt+i-g*+i\\ =

(18)

(19)

On the other hand, gk+\ obtained from the Broyden update
meets Eq. (17) with a= 1 and 13 = 0. This only leads to

(20)

Equations (19) and (20) indicate that the difference between
the accurate gradient gk+i and the estimate gk+i by Eq. (10)
is proportional to || AJC||2, whereas the difference between gk+ {
andgk+1 from the Broyden rank one update (5) is only propor-
tional to || AJC||.

Similarly, the Jacobian Vh(xk+i) can be approximated by

r T (AhT-AxTVhl)
V/zJ , , = V/i J + 2 -————-———— AJC

AjcrAjc (21)

The Jacobian of those active inequality constraints in Eq. (3)
also has the similar approximation.

The following example demonstrates that Eq. (10) gives the
true gradient in the case when F(JC) is a quadratic function,
regardless of the size of || AJC|| . Let

F = VIXTX

Suppose that gk=xk is known. It is easy to show that using
Eq. (10) for an estimate of the true gradient gk+l at xk+l
produces

gk+ 1 = g* + 2 —— — ̂  ——— Ax = xk + Ax = xk+ i=gk+{Ax1 Ax

whereas the Broyden rank-one update (5) yields

The advantage of using these formulas is to reduce the num-
ber of integrations spent on finite differences. Nevertheless,
Eqs. (10) and (21) should not completely replace finite differ-
ence steps. First for a number of iterations where jc, F(JC), and

constraints undergo relatively large changes, finite differences
should be employed for the gradient calculations. Experience
also shows that even after the first few iterations it is better to
use Eqs. (10) and (21) and finite differences alternatively to
prevent accumulation of errors in the gradients.

Depending on which nonlinear programming algorithm is
used, VF and gradients for constraints may or may not
be required separately. For instance, if the augmented La-
grangian method is used, only the gradient of the augmented
Lagrangian is needed, which may again be approximated by
Eq. (10).

A final remark is that this approximate gradient update may
also be used in some other problems, such as an iterative
scheme for the zero-finding problem of a nonlinear algebraic
system.

Trajectory Optimization for an
Advanced Launch System

The advanced launch system (ALS) is a proposed concept
for the next generation of heavy-lift vehicles. A conceptual
model ALS-L4 is used in this paper. It has an asymmetric
configuration with a liquid rocket booster (LRB) attached to
the core vehicle. The LRB has seven low-cost engines (LCE),
and the core vehicle has three identical ones. Each LCE has a
vacuum thrust of 2,580,457 N and a specific impulse of 430 s.
At ignition, all 10 LCEs will be started. At the burnout of the
LRB, the LRB is jettisoned and the core vehicle continues
the flight. The mission is to insert the payload into a 148.16
km x 277.8 km Earth orbit at the perigee. Because of the
complexity and discontinuity of the system, the trajectory op-
timization is best handled by the nonlinear programming ap-
proach. Assuming a spherical nonrotating Earth, the point-
mass equations of motion are

r = v sin 7

. v cos 7

_ T cosfa — e) — D IJL sin 7
m r2

T sin(a - e) + L /v /A
^ = ————————————— + I - - ——r j COS 7

mv \r vr2'

(22)

In Eq. (22), r is the radius from the center of the Earth to the
ALS, 6 the polar angle, v the velocity, 7 the flight-path angle,
m the mass, and Tthe vacuum thrust. We neglected the back
pressure term. The angle of attack a and nozzle gimbal angle
e represent the controls. The aerodynamic forces are the drag
D and lift L . The drag coefficient CD and lift coefficient CL are
given in tabular forms as functions of Mach number and a.
Other relevant data are the following: For the core vehicle,
payload + fairing
= 72,176 kg, inert mass = 79,891 kg, maximum fuel = 678,669
kg. For the LRB, inert mass = 98, 375 kg, maximum fuel
= 679,930 kg. The objective is to minimize the takeoff mass.
Since the inert weights and payload (plus fairing) are specified,
it amounts to finding the optimal propellant distribution be-
tween the LRB and the core vehicle and the optimal control
histories a(t) and e(t). Two control constraints are imposed:

<14deg

It turns out that these constraints are not active. So a(t)
and e(0 are parameterized by cubic spline functions for each
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Table 1 Summary of test results

Gradient generation m(0), kg Iterations Integrations
Eqs. (10) and (21)
Finite differences

1,572,202
1,568,089

61
65

699
1209

4.0 8.0
theta (degree)

Fig. 1 Ascent trajectory: altitude vs downrange angle.

Fig. 2 Control histories: a(t) and e(O.

stage of the flight. To demonstrate the point of using the
approximate gradients, no inequality state-control constraints
such as on dynamic pressure q and otq are imposed, although
it is not necessary. The problem thus becomes a 20-parameter
optimization problem with the equality constraints for orbital
insertion

/T! = [r(tf)-r0] - 148,160 m = 0

h2 = v(tf) - 7855.1205 m/s = 0

h, = y(tf) = 0 (23)

The launch conditions are

r(0) = 6,376,400 m

(9(0) = 0

v(0) = 1 m/s

7(0) = 89.9 deg

m (0) = to be minimized (24)

A sequential quadratic programming (SQP) code5 is used to
solve the constrained parameter optimization problem. To test
the approximate gradient formulas (10) and (21), after the first
10 iterations using finite differences, Eqs. (10) and (21) and
finite differences are used alternatively in every other iteration
for gradient update. The stopping criteria are either that the
constraints are satisfied and | VL |, the norm of the gradient of
the Lagrangian

L =

is <10~5 or

10-

10-

(25)

(26)

(27)

are satisfied for two consecutive iterations. To compare the
efficiency of the approximate gradient approach, the problem
is also solved with all gradients generated by finite differences.
Table 1 summarizes the comparison in terms of takeoff mass
and computation efficiency.

From Table 1 it is clear that when Eqs. (10) and (21) are
used, about 43% reduction in the number of integrations is
achieved at the expense of approximately 4000 kg more takeoff
mass. That is a 0.26% increase. As mentioned, when quick
convergence is the prime concern, for all practical purposes
this is a reasonable price to pay. Notice that the preceding
results are obtained from an arbitrary initial guess. The num-
ber of iterations and integrations can be reduced dramatically
in an onboard environment, for the preceding calculated tra-
jectory can serve as a good initial solution.

It should be noted that the Broyden update (5) was also tried
for the gradient update. The algorithm failed to converge due
to inaccurate gradients.

Figure 1 shows the comparison of the optimal ascent history
and the initial guessed history. The optimal control histories
a(t) and e(t) are depicted in Fig. 2.

Conclusion
Approximate gradient update formulas have been derived to

enhance the efficiency of the nonlinear programming ap-
proach when used to solve the optimal control problem. They
are shown to be more accurate than the well known Broyden
rank one update. The application in trajectory optimization
for an advanced launch system shows that the number of
trajectory integrations is reduced by more than 40% with a
slight increase of 0.26% in the performance index.
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